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1 Introduction
The recent cosmological observations by the Planck mission [1] are mostly consistent with
the predictions of the simplest single field inflation [2]: nearly scale invariant power spec-
trum of the curvature perturbation with almost perfect Gaussian statistics. Constructing a
concrete model of inflation is, however, still an open question. For example, it is highly non-
trivial to maintain the potential flat enough to support a long enough period of inflation,
representatively illustrated by the so-called eta problem in supergravity [3]. Furthermore,
many extensions of particle physics such as supersymmetric and/or string theory usually
incorporate many scalar fields, which can in principle serve as the inflaton [4]. Thus, in
more general context than the simplest model where a single, canonical inflaton minimally
coupled to Einstein gravity drives inflation, the dynamics of inflation may well be more
complicated. Indeed, we should take these general possibilities more seriously, as the new
Planck data does not seem to favour the simple cases such as the m2φ2 model [2].
If the inflationary dynamics is more complicated, we can expect distictive observa-
tional signatures which may explain the anomalies in the power spectrum of the temper-
ature fluctuations in the cosmic microwave background (CMB), such as the features in
the correlation functions [2, 5–8]. A good example is the case in which during multi-field
inflation the trajectory is curved [9]: then the modes orthogonal to the trajectory can be
excited by extracting the kinetic energy of the adiabatic component along the trajectory,
equivalent to a single field theory with non-trivial speed of sound [10–12]. The resulting
correlation functions of the curvature perturbation exhibit a localized oscillatory burst, and
are correlated to each other [13–16]. The single field theory obtained by systematically in-
tegrating out the heavy modes is a very good effective description as long as the trajectory
is adiabatic [17, 18]. When the trajectory is more “suddenly” curved [19–24] we have to
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take into account higher order corrections [25, 26], and eventually the effective field theory
(EFT) of single field inflation may enter a strongly coupled regime [27–29]. See e.g. [30]
for a concise review.
While the theoretical detail of turning trajectories is developed and investigated in
depth, in most literature the consequences are illustrated using the simplest example: when
there is only a single turn during inflation, which gives rise to sinusoidal oscillations [10–
12, 19, 21–24, 26]. Meanwhile, other types of oscillations are known which originate from
different theories. For example, logarithmic oscillations in the power spectrum [31] generi-
cally appear in models with non-Bunch-Davies initial conditions [32–34], resonant oscilla-
tions of massive fields [35–39] and axion monodromy model [40]. Thus, it is both important
and interesting to take steps beyond the simplest case of a single turn to look for different
patterns of oscillatory features. If, by considering more complicated curved trajectories
than the one with a single turn, we can obtain other types of oscillations different from
simple sinusoidal ones, this would indicate that broader — or even possibly all — classes
of oscillations, available as analytic templates to search for parametrized features from the
CMB data, can be generated in generic curved trajectories in multi-field inflation.
In this article, we take steps forward this goal by considering the next simplest case
of two successive turns in the trajectory. Very interestingly, we find that even without
any explicit background oscillations that are periodic in physical time, the power spectrum
of the light mode can exhibit logarithmic oscillations after successive sudden turns of the
inflationary trajectory. This relies in the fact that the massive mode behaves differently
inside and outside of the “mass horizon”, which oscillates periodically in comoving (phys-
ical) time inside (outside) the mass horizon. As a result, logarithmic oscillations arise if
the two successive turns occurs when the massive mode is inside and outside of the mass
horizon respectively. We may think of this new feature as a “resonance” between inside
and outside of the mass horizon.
This article is outlined as follows. In section 2, we set up the general formalism and
introduce two different bases: the kinematic and mass bases. We explicitly discuss their
meanings and relations in simple two-field case. In section 3, we consider a simple trajectory
that experiences two successive turns and compute the corrections to the power spectrum
of the curvature perturbation. We find that if the turns occur when the heavy modes of
our interests are inside and outside of the mass horizon, the corrections exhibit oscillatory
features sinusoidal in log k. We then conclude in section 4.
2 Dynamics along background trajectory
In this section, we first set up the general formalism which is valid for generic multi-field
inflation. We then concentrate on two-field case to develop concrete picture. We mostly
follow the notations of [10–12, 19, 20, 41, 42].
2.1 General formalism
We begin with the action
S =
∫
d4x
√−g
[
m2Pl
2
R− 1
2
Gabg
µν∂µφ
a∂νφ
b − V (φ)
]
, (2.1)
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where Gab is a general field space metric with the latin indices a, b and so on denoting
general coordinates in the field space. Taking a flat FRW metric as our background
ds2 = −dt2 + a2(t)δijdxidxj , (2.2)
the 00 and 0i components of the Einstein equation becomes
3m2PlH
2 =
1
2
φ˙20 + V ,
H˙ = − φ˙
2
0
2m2Pl
,
(2.3)
where we have defined the rapidity of the evolution of the background field as
φ˙20 ≡ Gabφ˙a0φ˙b0 . (2.4)
Thus the slow-roll parameter  can be written as
 ≡ − H˙
H2
=
1
2m2Pl
φ˙20
H2
. (2.5)
The background field equation follows from the standard Euler-Lagrange equation as
Dtφ˙
a
0 + 3Hφ˙
a
0 + V
a = 0 , (2.6)
where V a = GabV;b with a semicolon being a covariant derivative with respect to the field
space metric Gab, and
Dtφ˙
a
0 =
Dφ˙a0
dt
≡ dφ˙
a
0
dt
+ Γabcφ˙
b
0φ˙
c
0 (2.7)
is a covariant time derivative acting on φ˙a0. The reason is because φ˙
a
0 is a vector that resides
in the tangent space of the curved field space [43], thus we do need to take into account
the contributions of the field space curvature.
We now turn to perturbations. Since we are interested in the situation where the
background trajectory experiences successive turns that may lead to rapid oscillations, a
relatively simple effective single field description calls for more care, although not impossible
once sub-leading corrections in the EFT expansion are properly taken into account [25, 26].
Thus we do not integrate out the heavy degrees of freedom but compute the interactions
with the light mode explicitly. That means we treat the degrees of freedom in the field
contents as physical, and we do not give physical degrees of freedom to the spatial metric so
that we choose the flat gauge where the spatial metric is unperturbed. Then the quadratic
action is given by [43, 44]
S2 =
∫
d4x
a3
2
(
GabDtQ
aDtQ
b − δ
ij
a2
Gab∂iQ
a∂jQ
b − CabQaQb
)
, (2.8)
where Qa = φa−φa0 that is equivalent to the field fluctuation δφa at linear order [25, 43] and
Cab ≡ V;ab −Racdbφ˙c0φ˙d0 + (3− )φ˙0aφ˙0b +
1
H
(
φ˙0aV;b + φ˙0bV;a
)
. (2.9)
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Now we rewrite the action in terms of the perturbations orthogonal to each other by
introducing a complete set of vielbeins eIa = e
I
a(t) which maps the general, arbitrary basis
denoted by a into a local orthogonal frame denoted by I as
eIae
J
bG
ab = δIJ and eIae
J
b δIJ = Gab . (2.10)
The field fluctuation Qa can be transformed into the one in the orthogonal frame by
incorporating eIa as
QI = eIaQ
a . (2.11)
Then, introducing uI ≡ aQI and moving to the conformal time dη = dt/a, we obtain
S2 =
∫
dηd3x
1
2
[
δIJ
(
duI
dη
duJ
dη
+2
duI
dη
ZJKu
K+ZIKZ
J
Lu
KuL−δij∂iuI∂juJ
)
−a2MIJuIuJ
]
,
(2.12)
where MIJ ≡ CIJ −H2(2− )δIJ with CIJ ≡ eaIebJCab, and ZIJ ≡ eIaDηeaJ . We may choose
whatever frame we like for the IJ basis as long as it is orthogonal. A physically important
one is the so-called “kinematic basis” [9–12], which is set along and perpendicular to the
field trajectory. The unit tangent vector T a is defined by
T a ≡ φ˙
a
0
φ˙0
. (2.13)
The normal vector Na which satisfies GabT
aN b = 0 is naturally proportional to the deriva-
tive of T a, i.e. DtT
a ∝ Na. We define the proportionality parameter as the angular velocity
θ˙ of the trajectory,
DtT
a ≡ θ˙Na , (2.14)
which means
θ˙ = NaDtT
a . (2.15)
Note that θ˙ here is defined with the opposite sign from [10–12].
2.2 Two-field case: kinematic and mass bases
We now consider the case in which there are two fields. This is the simplest and thus
most intuitive case with multiple number of fields, yet captures many important aspects of
multi-field inflation. When we talk about “heavy” or “light” degrees of freedom, they do
not necessarily coincide with the tangent and normal components to the trajectory. That
is, the kinematic basis is not the set of eigenvectors of the mass matrix V;IJ . For two-field
case, one of the vielbeins corresponds to the tangent vector T a and the other to the normal
vector Na,
ea1 = T
a and ea2 = N
a . (2.16)
Then the mass matrix in the kinematic basis is given by
V;IJ =
(
VTT VTN
VTN VNN
)
, (2.17)
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where in general VTN 6= 0 for a curved trajectory. Thus, in terms of “heavy” and “light”
degrees of freedom, it is most convenient to adopt another set of basis which makes the
mass matrix diagonal. We may call this as the “mass basis” [19, 20].1 Then the eigenvalues
of the mass basis corresponds to the light and heavy masses along the trajectory. Note
that the situation is different from the change-of-basis around the bottom of the potential
trough [25] where we do not need any kinematic information but everything is determined
by geometry. Explicit diagonalization of (2.17) gives two eigenvalues,
λ± =
1
2
[
VNN + VTT ± (VNN − VTT )
√
1 + β2
]
where β ≡ 2VTN
VNN − VTT , (2.18)
so that λ− (λ+) corresponds to Vll (Vhh). The corresponding eigenvectors transformed
from the kinematic basis are then
eal = T
a cosψ −Na sinψ =
(
cosψ
− sinψ
)
,
eah = T
a sinψ +Na cosψ =
(
sinψ
cosψ
)
,
(2.19)
with
cosψ ≡ 1 +
√
1 + β2√
2
(
1 + β2 +
√
1 + β2
) and sinψ ≡ β√
2
(
1 + β2 +
√
1 + β2
) . (2.20)
The meaning is very clear: the change-of-basis matrix P constructed from eal on the first
and eah on the second column respectively is
P =
(
cosψ sinψ
− sinψ cosψ
)
, (2.21)
so that basically we rotate the orthogonal basis {T a, Na} by ψ. This situation is depicted
in figure 1. Note that θ means the rotation angle from the generic basis {φ1, φ2} to the
kinematic one {T a, Na}. Thus the value of θ is not important since φa, viz. the field space
coordinates can be set totally arbitrary, but only the rate of its change θ˙, the “angular
velocity” of the trajectory, is important. However, ψ means the misalignment between
the kinematic and mass bases and thus not only its rate of change but also its value are
important to describe the dynamics along the trajectory: a non-zero ψ would lead to a
trajectory with oscillations caused by the misalignment between the kinematic and mass
bases, and these oscillations will be damped and eventually disappear as the two bases
coincide.
1Note the terminology used in this work is different from that in [19, 20]. In the current work, we refer to
V;IJ as the “mass matrix”, and thus the “mass basis” in which V;IJ is diagonalized in this work corresponds
to the “potential basis” in [19, 20].
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Figure 1. A schematic plot showing the relation between the kinematic basis {eT , eN} and mass
one {el, eh} related by rotation by an angle ψ. The angular velocity of the kinematic basis is θ˙
while that of the mass basis is ϑ˙, so that θ, ϑ and ψ are related by θ = ϑ + ψ, although for θ and
ϑ only their rates of change are important.
Finally, MIJ in (2.12) in the mass basis is
M2ll = Vll − 2H2
[(
3− + ˙
H
)
cos2 ψ − θ˙
H
sin(2ψ) +m2PlR sin2 ψ
]
−H2(2− ) ,
(2.22)
M2lh = 2H
2
[
−1
2
(
3− + ˙
H
)
sin(2ψ)− θ˙
H
cos(2ψ) +
1
2
m2PlR sin(2ψ)
]
, (2.23)
M2hh = Vhh − 2H2
[(
3− + ˙
H
)
sin2 ψ +
θ˙
H
sin(2ψ) +m2PlR cos2 ψ
]
−H2(2− ) ,
(2.24)
where
R ≡ RabcdT aN bT cNd (2.25)
is the curvature of the field space. Then the quadratic action (2.12) becomes explicitly
S2 =
∫
dηd3x
1
2
[
u′l
2 − (∇ul)2 −
(
a2M2ll − ϑ′2
)
u2l
+ u′h
2 − (∇uh)2 −
(
a2M2hh − ϑ′2
)
u2h
− 4ϑ′u′luh − 2
(
a2M2lh + ϑ
′′)uluh] , (2.26)
where ϑ′ denotes the angular velocity of the mass basis. The first and second lines denote
the free terms of the light and heavy modes respectively, while the third line is the inter-
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action between them. Note that we have partially integrated some terms to remove time
derivatives from the heavy modes. Also note that θ, ϑ and ψ are related by θ = ϑ+ ψ.
3 Changes in the power spectrum
Having found the quadratic action in the previous section, we can proceed to find the
power spectrum of the comoving curvature perturbation R, which is given by the standard
relation
R ≡ −H
φ˙0
TaQ
a = −H
φ˙0
1
a
(ul cosψ + uh sinψ) . (3.1)
Before and long after the turns, the mass basis coincides with the kinematic basis, i.e.
ψ → 0, and thus R = −Hul/(φ˙0a). For our purpose, we may simply concentrate on the
power spectrum of the light mode ul. From below, we assume for simplicity that Vll and
Vhh are approximately constant and the field space is flat. Extensions to more general cases
is however straightforward.
From (2.26), we can straightly find the corresponding Hamiltonian in the interaction
picture as
H(η) =
∫
d3k
(2pi)3
(H0 +Hturn +Hnsr) , (3.2)
where2
H0 = 1
2
(
u′l
2
+ k2u2l −
z′′0
z0
u2l
)
+
1
2
[
u′h
2
+ k2u2h +
(
a20Vhh −
a′′0
a0
)
u2h
]
, (3.3)
Hturn = −1
2
ϑ′2u2l + 2ϑ
′u′luh + ϑ
′′uluh +
3
2
ϑ′2u2h , (3.4)
Hnsr = 1
2
(
a2M2ll +
z′′0
z0
)
u2l + a
2M2lhuluh +
1
2
(
a2M2hh − a20Vhh +
a′′0
a0
)
u2h , (3.5)
with z ≡ aφ′0/H. These describe respectively a free Hamiltonian in a slow-roll background
denoted by a subscript 0, the interactions due to the turning trajectory with explicit ϑ
dependence and the departure from the slow-roll background. The free solutions for the
mode functions ul and uh are then respectively found as
ul(η, k) =
1√
2k
(
1− i
kη
)
e−ikη , (3.6)
uh(η, k) =
√
pi
2
exp
(−pi
2
ν + i
pi
4
)√−ηH(1)iν (−kη) , (3.7)
where H
(1)
ν is the first kind of the Hankel function with the index being given by
ν ≡
√
Vhh
H20
− 9
4
. (3.8)
2Note that Hturn is apparently different from the corresponding equation (2.37) in [20], since here we
performed an integration by parts.
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Then, according to the standard in-in formalism, the corrections to the power spectrum is
given by
∆PR
PR = ∆turn1 + ∆turn2 + ∆nsr1 + ∆nsr2 , (3.9)
where PR is the free power spectrum constructed from (3.6), and
∆turn1 = −2=
[∫ 0
−∞
dηϑ′2(η)u2l (η)
]
, (3.10)
∆turn2 = 2
∣∣∣∣∫ 0−∞ dη [ϑ′′(η)ul(η) + 2ϑ′(η)u′l(η)]uh(η)
∣∣∣∣2
+ 4<
[∫ 0
−∞
dη1
[
ϑ′′(η1)ul(η1) + 2ϑ′(η1)u′l(η1)
]
u∗h(η1)
×
∫ η1
−∞
dη2
[
ϑ′′(η2)ul(η2) + 2ϑ′(η2)u′l(η2)
]
uh(η2)
]
, (3.11)
∆nsr1 = 2=
[∫ 0
−∞
dη
(
a2M2ll +
z′′0
z0
)
u2l (η)
]
, (3.12)
∆nsr2 = 2
∣∣∣∣∫ 0−∞ dηa2M2lhul(η)uh(η)
∣∣∣∣2
+ 4<
[∫ 0
−∞
dη1a
2M2lhul(η1)u
∗
h(η1)
∫ η1
−∞
dη2a
2M2lhul(η2)uh(η2)
]
. (3.13)
We are interested in evaluating these corrections when the field trajectory is more
complicated than experiencing a single turn. In practice, ϑ can be parametrized by the form
ϑ =
∑
i
αiSi(η) , (3.14)
where αi is the turning angle during a single turning process labeled by i, and Si(η) is
some smooth function of time interpolating between 0 and 1. Let us consider, for the next
simplest case, two instantaneous turns, with
ϑ′(η) = α1δ(η − η1) + α2δ(η − η2) , (3.15)
where α1 and α2 are two turning angles at the corresponding moments η1 and η2 respec-
tively, with
η1 < η2 < 0 . (3.16)
3.1 Background solutions
To evaluate first (3.12) and (3.13), we need to find the background solutions away from
the otherwise standard slow-roll ones. The necessary background equations to be solved
are obtained by projecting (2.7) onto T a and Na. We can write those equations in several
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different forms as we like. Here, we choose to work with the following ones [19, 20, 42]:
′′
2
+
[
H(1− 2)− 
′
4
]
′

+ 2H2(− 3) = θ′2 − a2VTT , (3.17)
θ′′ + 2
[
H(1− ) + 
′
2
]
θ′ = −a2VTN . (3.18)
The reason why we write the background equations in terms of  and θ is because these
variables explicitly appear in the couplings for the perturbations, as can be read from (2.22),
(2.23), (2.24) and (2.26). Thus once we find the solutions of these equations we can directly
use them to evaluate (3.12) and (3.13) without further manipulations.
The detailed steps to solve these equations are already illustrated in [19, 20], so we
only briefly sketch the basic strategy and give the results with the ansatz for the trajectory
of our current interest (3.15). Assuming ψ  1, (3.18) can be approximated by
ψ′′ − 2
η
ψ′ +
1
η2
(
ν˜2 +
9
4
)
ψ = −ϑ′′ + 2
η
ϑ′ , (3.19)
where
ν˜ ≡
√
Vhh − Vll
H20
− 9
4
. (3.20)
Then, for a given ϑ′, ψ can be easily found by using the retarded Green’s function as
ψ(η) = −(−η)3/2 secϕ
∫ η
−∞
dτ(−τ)−3/2 cos
[
ν˜ log
(η
τ
)
+ ϕ
]
ϑ′(τ) , (3.21)
with the phase ϕ being given by
ϕ ≡ tan−1
(
3
2ν˜
)
. (3.22)
For (3.15), we can find
ψ(η) = − secϕ
2∑
i=1
Θ(η − ηi)αi
(
η
ηi
)3/2
cos
[
ν˜ log
(
η
ηi
)
+ ϕ
]
, (3.23)
where Θ(x) is the Heaviside step function which equals to unity if x > 0 otherwise is
vanishing.
We can solve (3.17) by noting that the non-trivial part of  is induced by the departure
from usual slow-roll by (3.15). First we split  into two parts  = 0 +∆, and approximate
H and a by their smooth values. This is justified by the fact that with ∆ oscillating with
a frequency ν˜  1, the deviations from the slow-roll values of H and a are suppressed by
ν˜. Then, (3.17) implies a linear equation for ∆ as
∆′′ − 2 (1− 20)
η
∆′ − 120
η2
∆
= −20
η2
ν˜2 sec3 ϕ
2∑
i,j=1
Θ (η − ηi) Θ (η − ηj)αiαj
( −η√
ηiηj
)3
cos
[
2ν˜ log
( −η√
ηiηj
)
+ ϕ
]
.
(3.24)
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By noting that Θ (η − η1) Θ (η − η2) = Θ (η − η2) since η1 < η2, the solution to (3.24) is
given by
∆ =
1
2
0 sec
2 ϕ
2∑
i,j=1
Θ(η − ηi)Θ(η − ηj)αiαj
( −η√
ηiηj
)3
cos
[
2ν˜ log
( −η√
ηiηj
)
+ 2ϕ
]
,
(3.25)
where we have suppressed the terms without any oscillatory contributions. Note that this
solution can be compared with (3.15) in [20].
3.2 Contributions from non-slow-roll background
We now evaluate the contributions from the departure from the smooth slow-roll back-
ground, (3.12). This is studied in detail in [20] so we are satisfied here to describe im-
portant steps only. For our purpose, first we need to determine the coefficient of the self
coupling a2M2ll + z
′′
0/z0. Expanding M
2
ll in small ψ and ∆ and then using the solutions
for them given by (3.23) and (3.25) respectively, we can show that to leading order in this
expansion the only remaining term is given by3
a2M2ll +
z′′0
z0
= H20 ∆ . (3.26)
With this coupling, we can recast (3.12) as
∆nsr1 =
1
4
0 sec
2 ϕ=

2∑
i,j=1
αiαj
∫ min{xi,xj}
0
dx
x2
(
1+
i
x
)2( x√
xixj
)3[
eiΦ+(x,
√
xixj)+eiΦ−(x,
√
xixj)
] ,
(3.27)
where we have introduced x ≡ −kη, x1 ≡ −kη1, x2 ≡ −kη2 and
Φ±
(
x,
√
xixj
) ≡ 2x± [2ν˜ log( x√
xixj
)
+ 2ϕ
]
. (3.28)
Keep in mind that since η1 < η2 < 0, we thus have min{x1, x2} = x2. Although the
integral (3.27) can be evaluated analytically, to have an intuitive understanding, here we
use the stationary phase approximation.4 In our case, since x > 0, only Φ−
(
x,
√
xixj
)
3Interestingly, this is also consistent with (3.16) in [20], where it was assumed that the oscillatory part
in a2M2ll + z
′′
0 /z0 mainly comes from a
′′/a, i.e. the last term in M2ll given by (2.22). Here we show that this
is actually exact, since the expanded terms from the second term in (2.22) exactly cancel out up to leading
order in ∆ and ψ2.
4The relevant formula is well-known: when λ 1,∫ b
a
dx g (x) eiλΦ(x) ≈ g (c)
√
2pi
λ |Φ′′ (c)| exp
[
iλΦ (c) +
ipi
4
sgn
{
Φ′′ (c)
}]
for a real-valued function Φ (x).
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reaches its stationary point at x− = ν˜, and thus the corresponding integral contributes
provided that min {xi, xj} > ν˜. After some manipulations, for ν˜  1, finally we have
∆nsr1(k) ≈
√
pi
4
0ν˜
3/2
2∑
i,j=1
αiαjΘ
(
k
ν˜ max {ki, kj} − 1
)
×
(√
kikj
k
)3
sin
[
2ν˜ log
(
k
ν˜
√
kikj
)
+ 2ν˜ +
pi
4
]
, (3.29)
with ki = −1/ηi. Again, since η1 < η2 < 0, we actually have max{k1, k2} = k2. As a
comparison, note that (3.29) recovers (3.26) in [20] when there is a single turn. It is also
important to note that (3.29) is slow-roll suppressed.
To evaluate (3.13), we first note that from (2.23)
θ′(η) = −ν˜√−η sec2 ϕ
∫ η
−∞
dx(−x)−3/2 sin
[
ν˜ log
(η
x
)]
ϑ′(x) . (3.30)
Then from (2.23) we can find that (3.13) is suppressed exponentially (first term) and
by power-law (second term) [45], so that (3.13) provides smaller corrections compared
with (3.29).
3.3 Contributions from turns
Now we evaluate the contributions to the power spectrum due to the turning of the trajec-
tory, which are the in-in formalism integrals ∆turn1 and ∆turn2 given in (3.10) and (3.11)
respectively. Apparently, ∆turn1 is divergent in the case of instantaneous turns since the
factor ϑ′2 enters in the integrand.5 This divergence, however, is artificial as ∆turn2 contains
exactly the same divergence with an opposite sign. In fact, it can be shown that as long
as the turning process has a finite time duration, i.e.
ϑ′(η = −∞) = ϑ′(η = 0) = 0 , (3.31)
the total contribution ∆turn = ∆turn1 + ∆turn2 can be equivalently recast to be
∆turn = 2
∣∣∣∣∫ 0−∞ dη ϑ′ (η) [u′l (η, k)uh (η, k)− ul (η, k)u′h (η, k)]
∣∣∣∣2
+ 4<
{∫ 0
−∞
dη1 ϑ
′ (η1)
[
u′l (η1, k)u
∗
h (η1, k)− ul (η1, k)u′∗h (η1, k)
]
×
∫ η1
−∞
dη2 ϑ
′ (η2)
[
u′l (η2, k)uh (η2, k)− ul (η2, k)u′h (η2, k)
]}
. (3.32)
5This can also be seen when the turn has a finite time duration, i.e. a finite strength, which is modeled by
a Gaussian function dϑ(t)/dt = ∆θµ exp
(−µ2t2/2) /√2pi as in [19, 20]. In [19], the integral corresponding
to ∆turn1 is analytically evaluated, which is shown to be proportional to µ [see (5.23), (5.28) and (5.32)
there] and thus diverges when the turn becomes infinitely sharp, µ→∞. However, as we show here in this
article, this divergence is artificial as it will be exactly cancelled when the full contributions are taken into
account.
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It is now manifest that this expression is always finite even in the case of instantaneous
turns. We emphasize that (3.32) is exact and general.
We now use (3.32) to evaluate the contributions due to the double instantaneous
turns (3.15). Straightforward manipulations yield
∆turn =
2∑
i,j=1
Iij , (3.33)
with
Iij≡2αiαj <
{
uh(ηi, k)u
∗
h(ηj , k) Π−(ηi, k)
× [ul(ηi, k)u∗l (ηj , k)Π∗−(ηj , k)+2Θ(ηj−ηi)ul(ηi, k)ul(ηj , k)Π+(ηj , k)]},
(3.34)
Π±(η, k)≡ ∂
∂η
log
∣∣∣∣ ul(η, k)uh(η, k)
∣∣∣∣− i2
(
1
|ul(η, k)|2
± 1|uh(η, k)|2
)
. (3.35)
Note that Π± contains no oscillatory factors since only the moduli of the mode functions
enter. As a check, let us consider the case where there is only a single turn with α ≡ α∗
and turning time η∗. Then (3.33) reduces to
I11 =2α2∗ |uh (η∗, k)|2
{
|ul (η∗, k)|2 |Π− (η∗, k)|2+2Θ (0)<
[
u2l (η∗, k) Π+ (η∗, k) Π− (η∗, k)
] }
,
(3.36)
where Θ(0) is some numerical constant between 0 and 1. It is thus clear that the heavy
mode function contributes through the modulus, so that there is only sinusoidal oscillations
arising from the second term inside the curly brackets. Such oscillations are studied in detail
in [19].
Now we turn to (3.15). When there are two turns, due to the above argument, both
I11 and I22 contain only oscillations sinusoidal in k. However, I12 and I21 can contain
oscillations sinusoidal in log k. To see this, first note we have
I12 + I21 = 4α1α2<
{
uh(η1, k)u
∗
h(η2, k)Π−(η1, k)
× [ul(η1, k)u∗l (η2, k)Π∗−(η2, k) + ul(η1, k)ul(η2, k)Π+(η2, k)] } .
(3.37)
Now comes the crucial point. Unlike the light mode, whose behavior is sensitive only to
the Hubble scale, the heavy mode (3.7) behaves differently inside and outside of the “mass
horizon”, of which the length scale is (νaH)−1 with ν defined in (3.7). To be precise,
depending on whether it is inside or outside the mass horizon, uh can be approximated
differently as [19]
uh (η, k) ≈

e−ikη√
2k
(
1 + i4ν
2+1
8kη
)
for − kη  ν ,
e−iν[log(2ν)−1]√
2ν
√−ηeiν log(−kη) for − kη . ν .
(3.38)
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Thus, if the two turning time satisfy
− kη1  ν and − kη2 . ν , (3.39)
there will be oscillations sinusoidal in log k hidden in the factor
uh (η1, k)u
∗
h (η2, k) ∼ e−ikη1+iν log(−kη2) (3.40)
in the first line of (3.37). (3.39) implies when the first turn happens at η = η1, the heavy
mode is deep inside the mass horizon and oscillates as a free plane wave. Meanwhile
when the second turn happens at η = η2, the heavy mode has been outside of the mass
horizon (although might or might not be still inside the Hubble radius) and thus oscillates
periodically in physical time t ∼ log(−η). Thus the arising of such oscillations may be
thought of as “resonance” between inside and outside of the mass horizon. This situation
is depicted in figure 2. If we further assume −kη2  1, straightforward manipulations yield
∆turn ⊃ I12 +I21 ≈ 1
2
α1α2 ν
9/2k
2
1k
1/2
2
k5/2
cos
{
ν log
(
k
k2
)
+ 2
k
k1
− ν [log (2ν)− 1]
}
. (3.41)
This is one of the main results in this article. Thus we discover a new mechanism to
generate logarithmic osicllations in the power spectrum, which is alternative to the usual
resonance due to the background oscillations. (3.41) implies that even without any explicit
background oscillations, the final power spectrum may exhibit logarithmic osicllations after
successive turns. Compared with (3.29) which also exhibits logarithmic oscillations, ∆turn
is not slow-roll suppressed, and thus will be the dominant contribution to the logarithmic
osicllations in our system.
4 Conclusion
In this article, we have started from the observation that while the general formalism for
multi-field inflation with curved trajectories is established, the phenomenology of such a
curved trajectory is only illustrated using the simplest case with a single turn along an
otherwise straight trajectory. A single turn gives rise to sinusoidal oscillations in the cor-
relation functions of the curvature perturbation, but there are other types of oscillations
which arise from different origins. Thus it is both very interesting and important to take
further steps to exploit possible patterns of oscillations by considering more general tra-
jectories in multi-field inflation. We have made first few steps towards this direction.
First we have summarized the general formalism of perturbations by introducing a
general orthogonal basis on the background trajectory. A particular attention has been
paid to the two-field system and the mass basis, which is not necessarily equivalent to the
kinematic basis but in general is misaligned by ψ. The mass basis is particularly useful
when we consider the notion of “light” and “heavy” modes, which are most naturally
described in the mass basis because the mass matrix is diagonal.
Having set up the general two-field system, then we have considered the next simplest
case of two successive turns. The corrections to the power spectrum of the curvature per-
turbation can be classified into two categories, those from the departure from the usual
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Figure 2. A schematic plot illustrating the respective scales of oscillatory features. If the wave-
length of the given mode is outside of the mass horizon when both turns occur (but still inside
the respective Hubble radius), there is only oscillations sinusoidal in k (light shade region). If the
wavelength of the given mode is inside the mass horizon when the first turn occurs while outside
of the mass horizon when the second turn occur, there will be oscillations sinusoidal in log k, with
frequency ν (dark shade region). This is the new feature identified in this work. While modes with
wavelength shorter than the mass horizon generally exhibits oscillations sinusoidal in ln k, but with
frequency 2ν˜ (region with slanting lines).
slow-roll background and those from the turning of the trajectory. The latter contributions
have explicit couplings in terms of the angular velocity of the mass basis. The corrections
from the non-slow-roll background exhibit logarithmic oscillations, which however arise
even there is a single turn and are slow-roll suppressed. The main contributions to the
logarithmic oscillations come from the direct coupling due to turns. The logarithmic oscil-
lations appear when the heavy modes resonate inside and outside the mass horizon at the
moment of two successive turns.
We would like to emphasize that in this article we have only considered the simplest
trajectory beyond a single turn. Nevertheless we have found logarithmic oscillations in the
power spectrum which are supposed to have other theoretical origins. We thus expect that
in more generic trajectories different oscillatory features can arise, and the possibility of
these patterns is vast. It would be worth going beyond the simple case study in this article
to investigate more general trajectories and the consequences as well as the non-linear
phenomenology such as non-Gaussianity.
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